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Abstract

Theoretical proof for the existence of cooperativity(experimental evidences have already been reported in our
earlier work: Biochem. Biophys. Res. Commun., 293(2002) 870) in the phenomenon of DNA renaturation has been
obtained using a generalized birth–death master equation approach. Results have shown that no special searching
mechanism(i.e. a facilitated mechanism) was necessary for complementary DNA strands to find their correct-contacts
but searching by a ‘random jump’ method was enough to explain not only the observed cooperativity phenomenon
but also the magnitude of correct-contact-forming rate constant. Impact of cooperativity phenomenon on length of
primers and their specificity in polymerase chain reaction has also been discussed.
� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The renaturation kinetics of complementary
strands of DNA is an important aspect in molecular
biology, especially inC t analysisw1–3x, polymer-0

ase chain reaction(PCR) and denaturing high-
performance liquid chromatographyw4x. Several
mathematical models on kinetics of renaturation
of DNA in solution have already been developed
and experimentally testedw5–8x. Conventionally,
the renaturation of ssDNA was described by a
second order kinetics scheme as follows:

k1

w x w x2 ssDNA™ dsDNA
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Here k (mol s ) is bimolecular rate constant,y1 y1
1

wssDNAx is concentration(mol l ) of single-y1

stranded DNA andwdsDNAx is concentration
(mol l ) of double stranded DNA. The corre-y1

sponding differential(rate) equation can be written
as follows:

w xd dsDNA
2w xsk a y dsDNA (1)1 0Ž .dt

The formal solution of Eq.(1) for initial con-
dition at ts0, wssDNAxsa can be given as0

21 k a t1 0w x w xssDNA s , dsDNAs (2)
1qk a t 1qk a t1 0 1 0

C t is an important parameter obtained from0 1y2
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Fig. 1. Herex th base position of strand(II) is searching for02

correct-contact ‘p’ (an absorbing boundary at strand I) starting
from x th position of strand(I) at ts0. Here 0(a reflecting01

boundary) andN are the helical ends.

renaturation studies, whereC t s1yk , C sa0 1y2 1 0 0

(i.e. initial concentration of ssDNA in mol l andy1

t s1yk C is the time(t) to obtain wssDNAxs1y2 1 0

C y2), which is used to find the ‘complexity’(a0

term used to denote the unique number of base-
pairs contained in a genome and its repetitive
nature) of given genome. But recent studiesw9–
11x have shown that renaturation was not just a
simple second order process but contained a cor-
rect-contact-forming phase(which is bimolecular
and fast), followed by an intramolecular zipping
phase (which is unimolecular, cooperative and
slow) and the correct order parameter to describe
the renaturation process was neitherwdsDNAx nor
wssDNAx but the ‘number of mol-bases’ in ssDNA
or dsDNA. According to cooperative model Eq.
(1) modifies to

dnDSsn k n yn bn (3)Ž .c 2 m DS DSdt

where n denotes the number of mol-bases inDS

dsDNA form andn is total number of mol-basesm

of DNA, k is intramolecular(uni-molecular) zip-2

ping rate(s ) and b (mol-base ) is the coop-y1 y1

erativity index andn is the(heren sk a t y(1q2
c c 1 0

k a t) wherek is the rate constant for the forma-1 0 1

tion of correct-contacts) mol-number of correct-
contacts attained at timet which is just equal to
wdsDNAx as given in Eq.(2). It was also shown
that the theoreticalC t values obtained from coop-0

erative models fairly agreed well with the experi-
mentalC t values whereas non-cooperative models0

under-estimated theC t. Though it was argued that0

the cooperativity arose due to the memory effect
of already zipped form of DNA(i.e. n ), thereDS

was no phenomenological proof for this. Moreover,
it is still unclear how ssDNA molecules exactly
find their complementary position in solution con-
ditions. A DNA molecule havingN number of
base pairs has a rate constant of finding correct-
contact by a random search ask s2wyN (here it2

1

is mol-correct-contact s ) wherew is searchingy1 y1

rate (or simply the collision rate) and the multi-
plication factor 2 is due to the fact that simulta-
neously both strands search for correct-contacts on
each other. For example, in case of linearized
pBR32 plasmid DNA, Ns4632 bp w12x and

assuming a diffusion controlled limit(maximum)
of w;10 , we obtain k ;10 (mol-correct-8

1

contact s ) which is ;10 times lower thany1 y1 6

the observed value ofk w9x and thus indicates the1

existence of an ‘efficient’ search process. In this
article we have derived a theoretical proof for the
existence of cooperativity in renaturation of DNA
and using that we have also obtained the correct
expression fork .1

2. Theory

As stated in the earlier paragraph, DNA rena-
turation has two distinct steps, viz. correct-contact-
forming and zipping steps. According to our
theory, the correct-contact-forming step itself con-
tains two microscopic(which are of course strong-
ly coupled) steps, namely, a contact-forming phase
(i.e. a non-specific and diffusion controlled) fol-
lowed by a searching phase(i.e. search for a
correct-contact). The overall correct-contact-form-
ing rate can be derived as follows: let us assume
ssDNA with a length of N bases undergoing
renaturation(as in Fig. 1) where the first contact
happened betweenx th base of first strand(I)01

and x th base of second strand(II) (where 0-02

x -N and 0-x -N and they are of course01 02

complementary in nature) and second strand search
for correct-contact on first strand(for time being
let us neglect the helical ends) by a ‘random jump’
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with a maximum jump size of ‘k’ and the correct-
contact lies at ‘p’th position of strand I (i.e. 0-
x -p-N). The corresponding transition01

probabilities for the jump size of ‘k’ (which
include all possible jumps with jump-sizes less
than k) for an infinitesimal timeDt can be given
as follows:

k kP(x™xyi, t)s w Dti8 8is1 is1

k kP(x™xqi, t)s w Dt (4)yi8 8is1 is1

k k µ ∂P(x™x, t)s 1y wqw DtŽ .i yi8 8is1 is1

Now the rate of change in probability of finding
the position ofx on strand I can be described by02

a generalized birth–death master equation as
follows:

P(x, tqDt)yP(x, t)
≠ P(x, t)s limt

DtDt™0

ks w P(xyi, t)qw P(xqi, t)Ž i yi8is1

y wqw P(x, t) (5)Ž . .i yi

Here, w is transition rate ofx towards ‘p’ andi 02

w is away from ‘p’ with a jump size ofi, k isyi

the maximum jump size andP(x, t) is the proba-
bility of finding x at x in time t. We are summing02

over all the values ofi due to the fact that a jump
size ofk includes all the possibilities withink. Eq.
(5) can be solved by the method of generating
functions to obtainP(x, t), which can be defined
as follows:

xx0G(s, t)s s P(x, t) (6)8xs0

Now by substituting Eq.(6) into Eq. (5), we
can obtain the following differential equation for
the generating functionG(s, t).

≠ G(s, t)t

2i iS Ww s qw y wqw sT TŽ .i yi i yi
U XksG(s, t) T T8 iis1
V s Y

(7)

Using the initial condition asP(x , 0)s1 which01

is due to the fact that at timets0, the probability
of finding x at x th position was unity(therefore02 01

G(s, 0)ss ) and the solution of Eq.(7) forx01

aforementioned initial condition can be given as

G(s, t)
2i iS WB Ew s qw y wqw sT TŽ .i yi i yi

x U X01 kC Fss exp t T T8 iis1D GV s Y

(8)

In order to get the probability distribution func-
tion P(x, t), one has to expand Eq.(8) in to a
series of powers ofs and find the limit ass™1
(from the definition of generating function). Since
G(s, t) has an essential singularity atss0, expand-
ing G(s, t) in a Laurent series and settingss1,
we can obtain the expression for the probability
distributionP(x, t) as(though it is not expressible
in terms of elementary functions)

S G s9, tŽ .T 1 nxUP(x, t)slim s dsT |8 nq1ns02pi s9s™1V C1

WG s9, tŽ . T1 ny1 Xq s ds (9)T|8 nq1nsyx2pi s9 YC2

Since we are interested in the time evolution of
mean(this is the expectation value ofx at time t)
and variance(this is the expected mean square
deviation ofx at time t) of the position ofx on02

first strand that can be calculated as follows:

k
NxMslim≠ G(s, t)sx qt i wywŽ .s 01 i yi8is1

s™1

(10)

2 2{ }Var x slim≠ G(s, t)qNxMyNxMs
s™1

22 2k kst i wyw q iŽ .i yiµ8 8is1 i-j,js1

= wyw j wywŽ . Ž .i yi j yj ∂
k ky1qt 2x i wyw q2 iŽ .01 i yiµ 8 8is1 is1

=(iy1) w qw qk(kq1)w (11)Ž .yi iq1 yk∂

Eq. (10) clearly shows that as time evolves, the
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mean position ofx on the first strand(x) will02

change linearly with time either left or right to
x depend on the transition rates(w and w )01 i yi

and Eq.(11) shows that as the time evolves the
variance in the position(x) of x on the first02

strand will change quadratically with time(this
indirectly indicates a spread in the probability
distributionP(x, t) as time evolve). The mean first
passage time(mfpt) taken byx to reach ‘p’ (i.e.02

to form a correct-contact) starting from anyx can
be calculated by simplifying Eq.(4) into the
following Fokker–Plank equationw13x:

1 2w x w x≠ P(x, t)sy≠ a P(x, t)q ≠ a P(x, t)t x 1 x 22
(12)

wherea s8 i(w yw ) is the drift vector andk
1 is1 i yi

a s8 i (w qw ) is the diffusion matrix. Nowk 2
2 is1 i yi

defining b(z)sexp{ | (2a ya )dz} , the mfpt for az
0 1 2

jump size ofk can be given as

p y
y1 y1T(x, k)s2 b(y) dy b(z)a dz (13)2| |

x 0

Here ‘0’th position on strand I (i.e. helical end of
the ssDNA strand) is reflecting boundary (i.e. it
cannot jump beyond that) and ‘p’th position is
absorbing boundary (i.e. oncex meet the ‘p’, it02

can form the correct-contact and thus can start
zipping). Performing the integration of Eq.(13)
we obtain

S B E B Ea 4a p 2a pT2 1 1
U C F C FT(x, k)s exp yexpT2

D G D GV4a a a1 2 2

WB E B E4a x 2a x T1 1
XC F C Fyexp qexp (14)T

D G D GYa a2 2

Eq. (14) gives the mean time taken byx to02

reach the correct-contact(p) on its complementary
strand starting from a position(x) with a random
jump size of k. The problem can be simplified
when one of the following conditions holds:

Case I: w sw , w /wi yi i j

When the forward and reverse transition rates
for ‘ i’th jump size are equal, Eq.(7) simplifies to
the following form.

2i iS Ws q1y2sT T
k U X≠ G(s, t)sG(s, t) w (15)T Tt i8 iis1

V Ys

Integration of Eq.(15) yields

2i iS WB Es q1y2sT Tx01 k U XC FG(s, t)ss exp w (16)T Ti8 iis1D GV Ys

As in the earlier analysis, the time evolution of
mean and variance of position ofx on its com-02

plementary strand I(x) can be given as follows:

NxMslim≠ G(s, t)sx (17)s 01
s™1

2 2{ }Var x slim≠ G(s, t)qNxMyNxMs
s™1

2ks2t w i (18)i8is1

From Eqs.(17) and(18) we can easily conclude
that though the mean(given by Eq.(17)) does
not evolve with time, the probability distribution
function P(x, t) is flattened by the linear evolution
of variance. Now from Eq.(13), the mfpt for a
jump sizek can be given as(herea s0 anda s1 2

28 i w ) follows:k 2
is1 i

1 2 2T(x, k)s p yx (19)Ž .
a2

Case II: w sw , w sw swi yi i j

When all the transition rates are equal, Eq.(7)
reduces to a simple form as follows:

2i iS Ws q1y2sT T
k U X≠ G(s, t)swG(s, t) T Tt 8 iis1

V Ys
yk kq1S W(1q2k)(1ys)ys ysT T

U XswG(s, t)T T

V Ysy1
(20)

The solution of Eq.(20) for the same initial
condition as in case I can be given as

2i iS WB Es q1y2sT Tx01 k U XC FG(s, t)ss exp wt (21)T T8 iis1D GV Ys
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Fig. 2. Shows the variation of rate of formation of correct-
contacts(r ) with a maximum jump size(k) and length ofK min

ssDNA (in base pairs). Herews3 is used for simplicity.

Now the mean and variance ofx becomes

NxMslim≠ G(s, t)sx (22)s 01
s™1

2 2 2k{ }Var x slim≠ G(s, t)qNxMyNxM s2wt is 8is1
s™1

(23)

Finally, the mfpt for the jump size ofk can be
given (from Eq. (13) where a s0 and a s1 2

2w8 i ) as follows:k 2
is1

2 23 p yxŽ .1 2 2T(x, k)s p yx s (24)Ž .
a k(kq1)(2kq1)w2

Now from Eq. (24) the minimum(i.e. starting
the search from positionxs0 and takingpsN)
value of rate constant for the formation of correct-
contact can be easily given as

1 2w k(kq1)(2kq1)
r s s (25)Kmin 2T(0, k) p 6

One also should note that

2w k(kq1)(2kq1)
lim r sKmin 2N 6p™N

k(kq1)(2kq1)
sk (26)1 6

And it is easy to verify that lim r sk andk™1 K min 1

whenk is sufficiently large,

lim r (2wpy3 (27)Kmin
k™p

Thus, r sbk, where 2wy3sb. Moreover, theK min

variation of r with N and k has been shownK min

in Fig. 2 (here ws3 used for simplicity), which
clearly indicated that at sufficiently large values
of N andk, correct-contact-forming rate was almost
a constant quantity. Since the so-called jump(with
a size ofk bp) can happen only when the comple-
mentary ssDNA strands are in contact(i.e. in the
dsDNA form), the maximum possible jump-size
at any timet is ksn . According to the law ofDS

mass action the rate of formation ofn is directlyDS

proportional to number of correct-contacts(i.e. nc

times r ) and number of mol-bases in ssDNAK min

form (i.e. n yn ) at time t. Therefore, using them DS

relationr sbk, the final version of differentialK min

rate equation can be written as

dnDSAn r n yn An kb n yn (28)Ž . Ž .c Kmin m DS c m DSdt

dnDSsn k n yn bn (29)Ž .c 2 m DS DSdt

Surprisingly, Eq.(29) is simply the differential
rate equation derived earlier for cooperative rena-
turation w9x, where k is intramolecular zipping2

rate(s ). Thus, we can conclude that cooperativ-y1

ity could possibly be the result of searching for
correct-contacts by random jumps.

3. Results and discussions

Using Eq.(26) we can easily solve the paradox
arose in the renaturation of linearized pBR322
plasmid. As we have already seen, the theoretical
rate constant for finding the correct-contact of
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k ;10 (mol-correct-contact s ) was ;10y1 y1 6
1

times lower than the experimental value ofk1

which suggested that a minimum jump size of
k;100 bp(i.e. starting fromx , after one search-01

ing move, x can be found in the range of02

x "100 bp with equal probability and assuming01

w;10 collisions s , andNs4632 bp) was nec-8 y1

essary. The correct-contact-forming step is espe-
cially important in case of PCR. Here a primer of
few base pairs(let us sayz bp) in length has to
find its complementary sequence on template DNA
(with a length ofN bp) by random search before
starting to anneal. Now the expression for rate of
formation of correct-contacts between template
DNA and primer can be derived as follows: since
here the maximum number of possible base-pairs
in dsDNA form (thus the jump size) is just z bp,
the minimum correct-contact-forming rate becomes

2w z(zq1)(2zq1)
r s (30)Kmin 2N 6

which clearly indicates thatr Az yN and,3 2
K min

therefore, in a PCR reaction for a particular frag-
ment of a template DNA, the forward and reverse
primers should be equal in length which otherwise
lead to some sort of asymmetry in amplification
and it is obvious that higher primer length leads
to higher specificity(due to the higher rate of
formation of correct-contact with the template)
which otherwise require a longer annealing times
to attain the same specificity.
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